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Abstract
In this work, we investigate the consequences of the spontaneous breaking of Lorentz symmetry,
triggered by the bumblebee vector field, on the usual Einstein-Hilbert theory. Specifically, we
consider the Einstein-Hilbert action modified by the bumblebee dynamic field, and evaluate the
graviton propagator using an extended basis of Barnes-Rivers tensor projectors, involving the
Lorentz-violating vector. Once the propagator is carried out, we proceed with discussing the
consistency of the model, writing the dispersion relations, and analyzing causality and unitarity.
We verify that this model possesses two dispersion relations: one provides causal and unitary
propagating modes, while the second yields a causal but nonunitary mode which spoils the physical
consistency of the model.
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I. INTRODUCTION
Theories with Lorentz-symmetry breaking have been under intensive investigation since
the proposal of the standard model extension (SME) [1–10] as a broader version of the usual
standard model incorporating tensor terms generated by spontaneous Lorentz violation. The
Lorentz-violating (LV) terms, generated as vacuum expectation values of tensors defined in
a high energy scale, are coupled to the physical fields yielding coordinate invariance and
violation of Lorentz symmetry in the particle frames [11]. This theoretical framework has
inspired a large number of investigations in the last several years, encompassing fermion
systems [12–20], CPT-probing experiments [21–27], the electromagnetic CPT- and Lorentz-
odd term [28]-[41], the CPT-even and Lorentz-odd gauge sector and its interactions with
fermions [42–51], [52–57]. Recent investigations involving higher dimensional operators [58–
60], its possible connections with LV theories [61–66], and nonminimal couplings [67–72],
have also been reported.
The interest in an extension of the SME embracing gravity comes from the fact that
Lorentz violation may be a key ingredient of a quantum theory for gravitation. Indeed,
Lorentz-violating effects might be significant in regions or situations were the curvature or
torsion are large, as in the vicinity of black holes. Furthermore, these effects may also
play relevant role in cosmological scenarios described by dark energy or dark matter, or the
ones where anisotropy factors can be inserted in the Friedman-Robertson-Walker solutions.
Lorentz violation in the gravitational sector may be theoretically investigated in connection
with tests sensitive to the inverse square law, the deflection of light, geodesic precession,
between others. A consistent formalism to include LV terms in gravity requires a framework
compatible with non-null vacuum expectation values that break local Lorentz symmetry
but keeps the general coordinate invariance. The Riemann-Cartan geometry, endowed with
dynamic curvature and torsion, was used for such a purpose in Ref. [73], where the LV
coupling terms were constructed using vierbein and spin connections. In Ref. [74], the
connection between Nambu-Goldstone modes and the spontaneous violation of local Lorentz
and diffeomorphism symmetries were investigated in the Riemann-Cartan spacetime using
the vierbein and spin connection formalism previously developed. In Ref. [75], signals
for Lorentz violation in post-Newtonian gravity were scrutinized in the case of a Riemann
spacetime (null torsion) by considering the linearized Einstein equations modified by 20
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independent dynamical LV coefficients generated by spontaneous symmetry breaking. New
developments were performed in Refs. [76, 78]. Also, alternative approaches for Lorentz
violation in curved space, focused on a more geometric point of view, have been discussed
in Refs. [79–81]. Investigations about Lorentz-violating linearized gravitation [82] and high
order gravity models modified by Lorentz-violating terms were also reported [83, 84].
In accordance with these studies the extension of the gravitational sector including
Lorentz-violating terms is given by the action
S = SEH + SLV + Smatter, (1)
where SEH represents the usual Einstein-Hilbert action,
SEH =
ˆ
d4x
√−g 2
κ2
(R− 2Λ) , (2)
where R is the curvature scalar and Λ is the cosmological constant. Moreover, the action
SLV accounts for Lorentz-violating leading terms, written as
SLV =
ˆ
d4x
√−g 2
κ2
(
uR + sµνRµν + t
µναβRµναβ
)
, (3)
with u, sµν and tµναβ being tensors which enclose the Lorentz-violating coefficients, and
κ2 = 32πG being the gravitational coupling. The dimensionless tensors sµν , tµναβ possess
the same symmetries of the Ricci and Riemann tensors, respectively, and are to be considered
as traceless, sµµ = t
µν
µν = 0, once their traces can be absorbed in the scalar u. Moreover,
the components tµνβν can be also taken as null once they can be absorbed in the tensor s
µβ.
So, the tensors sµν , tµναβ have nine and ten independent components, respectively.
The bumblebee model is a simple example of gravity model where a vector field Bµ ac-
quires a nonzero vacuum expectation value inducing Lorentz and diffeomorphism violations.
This model was first considered in the context of string theories [4], with the spontaneous
Lorentz-symmetry breaking being triggered by the potential V (Bµ) = λ (BµBµ ∓ b2)2 /2. In
accordance with the literature [73, 74], the vector bumblebee model can be represented as
stated in action (3), whenever tµναβ = 0 and
u =
1
4
ξBαBα, s
µν = ξ
(
BµBν − 1
4
gµνBαBα
)
, (4)
with sµν being traceless. With such definitions, the action responsible for the dynamics of
the bumblebee field Bµ is written as
SB =
ˆ
d4x
√−g
[
−1
4
BµνBµν +
2ξ
κ2
BµBνRµν − V (BµBµ ∓ b2)
]
, (5)
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where we have included the corresponding field strength
Bµν = ∂µBν − ∂νBµ, (6)
and the quadratic potential,
V =
λ
2
(
BµBµ ∓ b2
)2
. (7)
that triggers the spontaneous breakdown of diffeomorphism symmetry. Here, b2 is a positive
constant that stands for the nonzero vacuum expectation value of this field. All quantities
are expressed in natural units (ℏ = c = ǫ0 = 1), including the gravitational constant,
G = 6.707 × 10−57(eV)−2, so that the mass dimension of constants and fields are [κ2] =
−2, [Bµ] = 1, [Bµν ] = 2, [λ] = 0, [ξ] = −2. The constant ξ is the one that establishes
the nonminimal coupling between the bumblebee field and the curvature tensor, keeping u
and sµν dimensionless. Moreover, tensors are symmetrized with unit weight, i.e., A(µν) =
1
2
(Aµν + Aνµ).
In Ref. [75], the effects of the linearized version of the bumblebee model on the Einstein-
Hilbert gravity were analyzed. This model was also addressed in Refs. [76–78]. Some
additional implications of this model on the Newtonian gravitational potential have been
recently addressed in Ref. [85], where the weak-field formalism of gravity was used to
calculate the bumblebee corrections induced on the gravitational potential. It was then
shown that the coupling of this field with the curvature tensor, as stated in action (5),
implies an anisotropic potential correction proportional to bibj xˆ
ixˆj , which breaks the spatial
isotropy of the ordinary gravitational potential. Besides, an additional correction similar to
the well known electric Darwin term, ∇2 1
r
∼ δ(3)(~x) was also reported, giving rise to a very
weak and short-ranged contribution to the gravitational interaction.
In spite of the fact that the results of Ref. [85] are consistent with the literature [75, 78],
they are based on a preliminary form of the Einstein-Hilbert graviton propagator modified
by the linearized bumblebee field, evaluated as a perturbative insertion on the usual case.
This approach, however, does not provide an exact result, being not suitable to analyze the
vacuum structure of this model and the properties of the physical excitations around it. It
is known that the spontaneous Lorentz breaking is always accompanied by diffeomorphism
violation [74–76], so the graviton spectrum may undergo nontrivial modifications, as the
generation of massive modes, the appearance of nonphysical modes concerning causality
(tachyons) and unitarity aspects (ghosts).
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In this work, we intend to investigate the graviton spectrum in the context of the lin-
earized Einstein-Hilbert gravity (without torsion) endowed with the spontaneous violation
of Lorentz symmetry induced by the bumblebee field, as studied in Ref. [85]. In this sense,
we exactly carry out the graviton propagator (in tree-level approximation) applying a gen-
eral method based on the Barnes-Rivers spin operators [86–88] and recently extended in
Ref. [84] for the case of gravity theories with Lorentz-breaking terms. Once the graviton
Feynman propagator is evaluated, one also analyzes the consistency (stability, causality,
unitarity) of this theory starting from the dispersion relations stemming from the poles of
the propagator. In the present work we use the spacetime signature (+ − − −) and adopt
the following definition for the Ricci tensor: Rµν = ∂σΓ
σ
µν −∂νΓσµσ+ΓλσλΓσµν −ΓλσνΓσµλ, where
Γλµν =
1
2
gλσ (∂µgνσ + ∂νgµσ − ∂σgµν) .
The structure of the paper is as follows. In Sec. II we present the linearized bilinear
gravity action for which we evaluate the Feynman propagator, using an extended basis of
the Barnes-Rivers projectors. In Sec. III, we present the dispersion relations coming from
the poles of the propagator, and discuss the stability and causality issues. The unitarity
analysis is investigated in Sec. IV, while our concluding comments are presented in Sec. VI.
II. THEORETICAL MODEL AND THE GRAVITON PROPAGATOR
In order to determine the influence of the gravity-bumblebee coupling on the graviton
dynamics, we consider the actions (3) and (5), following the route described in Refs.[75,
78, 85]. For assessing the linearized version, we split the dynamic fields into the vacuum
expectation values and the nearby quantum fluctuations:
gµν = ηµν + κhµν ,
Bµ = bµ + B˜µ, (8)
Bµ = bµ + B˜µ − κbνhµν ,
where hµν and B˜µ represent small perturbations around the Minkowski background and
a constant vacuum value bµ, respectively. The quantity b
µ = (b0,b) represents the fixed
background responsible for the violation of Lorentz and CPT symmetries in the local frame
of particles [73].
Following the procedure outlined in Ref. [75], the solution for the linearized bumblebee
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equation of motion can be written in the momentum space as
B˜µ =
κpµbαbβh
αβ
2 (b · p) +
2σbαR
αµ
p2
− 2σp
µbαbβR
αβ
p2 (b · p) +
σpµR
4λ (b · p) −
σbµR
p2
+
σpµb2R
p2 (b · p) , (9)
with pµ = (p0,p), σ = (2ξ/κ
2), while Rµν and R are taken in linearized form. So, we
can insert this solution into the Lagrangian term representing the bumblebee interaction,
LLV = σ√−gBµBνRµν , to determine the modifications implied by the background bµ on the
kinetic sector of the graviton field hµν , yielding the following effective Lagrangian (already
evaluated in Ref. [85]):
LLV = ξ
[
p2bµbν (h
µνh+ hµαhνα)− 1
2
(b · p)2 (hµνhµν − h2)− (bµbνpαpβ + b(µpν)b(αpβ)) hµνhαβ
]
+
4ξ2
κ2
[(
−2p2bµbν − 2b2pµpν + 4 (b · p) b(µpν) − p
2pµpν
4λ
)
hµνh
+
(
2bµbνpαpβ − b(µpν)b(αpβ) + b
2pµpνpαpβ
p2
− 2 (b · p) pµpνb(αpβ)
p2
+
pµpνpαpβ
4λ
)
hµνhαβ
+
(
b2p2 − (b · p)2 + p
4
4λ
)
h2 +
(
p2bµbν − 2(b · p)b(µpν) + (b · p)
2 pµpν
p2
)
hµλhνλ
]
, (10)
where h = hαα. As expected, it is possible to verify that the Lagrangian (10) is not invariant
under the gauge transformations hµν → hµν+ipµζν+ipνζµ, for any arbitrary ζµ. Furthermore,
it is worth noting that there are second-order corrections O(ξ2) which introduce higher
derivative terms, and are background independent.
Another observation concerns the existing connection between the terms involving the
bumblebee field in the squared linearized Lagrangian (10) and the ones stemming from
higher order Lagrangian terms, as L = βRµνRµν + γR2, as depicted in Refs. [83, 84, 89–
91]. We can show that the linearized terms associated with R2, RµνR
µν , namely, h2h,
h∂µ∂νh
µν , hαβ∂α∂β∂µ∂νh
µν , hµν2hµν , can be also found in Lagrangian (10). This shows
that the bumblebee field also plays the role of inducing high order gravity terms on the
Einstein-Hilbert action.
Following the purpose of analyzing the effects of the bumblebee field on the Einstein-
Hilbert action, we should add the Lorentz-violating terms of Eq. (10) to the bilinear terms
of the linearized Einstein-Hilbert Lagrangian,
LEH = pµpαhµνhαν − pµpνhµνh +
1
2
p2hµµh−
1
2
p2hµνhµν . (11)
without introducing a gauge fixing-term. Our interest is the kinetic Lagrangian,
Lkin = LEH + LLV. (12)
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To find the corresponding Feynman propagator for Lkin, we first rewrite the resulting La-
grangian Lkin into the bilinear form
Lkin = −1
2
hµνOˆµν,αβhαβ , (13)
where the operator Oˆµν,αβ is symmetric in the indices (µν), (αβ), and under the interchange
of the pairs (µν) and (αβ). Following the notations and conventions of Ref. [85], the graviton
propagator is defined as
〈0 |T [hµν(x)hαβ(y)]| 0〉 = Dµν,αβ(x− y), (14)
where Dµν,αβ is the operator that satisfies the Green’s equation, given as
Oˆµν,λσDλσ,αβ(x− y) = iIµν,αβδ4(x− y), (15)
with Iµν,αβ = 1
2
(
ηµαηνβ + ηµβηνα
)
playing the role of the identity operator. Thus, the
problem of determining the propagator is reduced to the inversion of the operator Oˆ, given
in Eq. (13). Once found a closed operator algebra composed of a set of appropriated tensor
projectors with which the operator Oˆ can be expanded, the inversion of the operator becomes
a tedious but straightforward task.
As it is well known, a convenient method for obtaining the inverse of symmetric rank-two
tensors is based on the spin projector operators found by Barnes and Rivers [84, 86–88]
which constitute a complete orthonormal basis of operators for Lorentz-invariant models in
four dimensions. This basis is shown in Eq. (A1). To accommodate the emerging terms
containing the LV background vector bµ in gravity theories, an extended basis of the Barnes-
Rivers projectors was devised in Ref. [84]. All tools needed to invert our operator Oˆ are
outlined in the Appendix.
Using the spin-projection operators and the identities as given in the Appendix A, we
are able to put the operator Oˆ in the form (where for simplicity we adopt the notation AB
in place of AµνρσB
ρσαβ to the contractions)
Oˆ = a1P(1) + a2P(2) + a3P(0−θ) + a4P(0−θω) + a5Π˜(1) + a6Π˜(2) + a7Π˜(θΣ) + a8Π˜(θΛ), (16)
with the scalar coefficients ai being functions of the momentum and the background vector
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bµ given explicitly by
a1 = −4ξ
2(b · p)2
κ2
+ ξ(b · p)2, a2 = ξ(b · p)2 + p2,
a3 =
24ξ2 ⊡ (p)
κ2
− 6ξ
2p4
κ2λ
− 2ξ(b · p)2 − 2p2, a5 = 4ξ
2 (b · p)
κ2
,
a4 =
8
√
3ξ2(b · p)2
κ2
−
√
3ξ(b · p)2, a6 = −4ξ
2p2
κ2
− ξp2, (17)
a7 = −8
√
3ξ2 (b · p)
κ2
, a8 =
8
√
3ξ2p2
κ2
−
√
3ξp2.
Note that the projectors Π˜, defined in the Appendix A, are the ones carrying the bum-
blebee field. The upper tilde symbol is used to highlight the difference in relation to the
projectors first defined in Ref. [84].
After a lengthy computation, and using the identity OˆOˆ−1 = I, we are able to write the
operator Oˆ−1 in terms of the whole set of projectors, as
Oˆ−1 = b1P(1) + b2P(2) + b3P(0−θ) + b4P(0−ω) + b5P(0−θω) + b6Π˜(1) + b7Π˜(2) + b8Π˜(θΣ)
+ b9Π˜
(θΛ) + b10Π˜
(ΛΛ) + b11Π˜
(ωΛ−a) + b12Π˜
(ωΛ−b) + b13Π˜
(ωΣ) + b14Π˜
(ΛΣ), (18)
where the coefficients bi are constrained by a set of fourteen algebraic equations. Solving
them, we obtain the coefficients
b1 =
N1
κ2ξ2(b · p)2 ⊡⊞ , b2 =
1
⊞
, b3 = − 1
2⊞
, b4 =
N4
2λκ2ξ2(b · p)4 ⊡2 ⊞ ,
b5 =
N5
2ξ(b · p)2 ⊡⊞ , b6 =
p2
ξ(b · p)⊡⊞ , b7 =
p2
⊡⊞
, b8 =
N8
4ξ(b · p)⊡⊞ , (19)
b9 = −
√
3p2
2 ⊡⊞
, b10 =
p4
2⊡2 ⊞
, b11 =
N11
8ξ2(b · p)2 ⊡2 ⊞ , b12 =
N12
2ξ(b · p)2 ⊡2 ⊞ ,
b13 =
N13
4κ2ξ2(b · p)3 ⊡2 ⊞ , b14 =
N14
4ξ (b · p)⊡2 ⊞ ,
where one has used ⊞ = ⊞(p) and ⊡ = ⊡(p), defined by the following expressions
⊞(p) = p2 + ξ(b · p)2, (20)
⊡(p) = (b · p)2 − b2p2. (21)
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Furthermore, the numerators Ni follow
N1 = ξ(4ξ + κ
2)⊡⊞+ κ2p4, (22)
N4 = ξ
2
⊡
2
[
p2F1 (p) + λκ
2(b · p)4]+ 4λξκ2p2(b · p)4⊡ (23)
+ ξ3(b · p)2 ⊡2 F1 (p)− λκ2p4
[
b4p4 − 4(b · p)4 + 2b2p2(b · p)2] ,
N5 =
√
3
[−ξ(b · p)2 ⊡+b2p4] , N8 = √3 (ξ(b · p)2 − p2) , (24)
N11 = p
2
(
p2 − ξ(b · p)2)2 , N12 = p4 (2b2p2 − 3(b · p)2)− 2ξp2(b · p)2⊡, (25)
N13 = F2 (p) ξ
2
⊡−16ξ3(b · p)2 ⊡2 +ξκ2b2p4 [2(b · p)2 − b2p2] (26)
+ κ2p4
[
2b2p2 − 3(b · p)2] ,
N14 = p
2
[
p2 − ξ(b · p)2] , (27)
and
F1 (p) = 16λ(b · p)2 + 16λb2p2 + p4, (28)
F2 (p) = κ
2(b · p)2 [(b · p)2 + b2p2]+ 16p2 [b2p2 − (b · p)2] . (29)
The Feynman propagator is
Dµν,αβ(p) =
i
⊞(p)
{
N1
κ2ξ2(b · p)2⊡P
(1)
µν,αβ + P
(2)
µν,αβ −
1
2
P
(0−θ)
µν,αβ +
N4
2λκ2ξ2(b · p)2⊡2P
(0−ω)
µν,αβ
+
p2
⊡
Π˜
(2)
µν,αβ +
N5
2ξ(b · p)2⊡P
(0−θω)
µν,αβ +
p2
ξ(b · p)⊡Π˜
(1)
µν,αβ +
N8
4ξ(b · p)⊡Π˜
(θΣ)
µν,αβ
−
√
3p2
2⊡
Π˜
(θΛ)
µν,αβ +
p4
2⊡2
Π˜
(ΛΛ)
µν,αβ +
N11
8ξ2(b · p)2⊡2 Π˜
(ωΛ−a)
µν,αβ (30)
+
N12
2ξ(b · p)2⊡2 Π˜
(ωΛ−b)
µν,αβ +
N13
4κ2ξ2(b · p)3⊡2 Π˜
(ωΣ)
µν,αβ +
N14
4ξ(b · p)⊡2 Π˜
(ΛΣ)
µν,αβ
}
.
The next step is to read off the graviton dispersion relations from the poles of the prop-
agator, aiming at verifying the consistency of the theory concerning causality and unitarity
respects.
III. DISPERSION RELATIONS
In this section, we analyze the dispersion relations stemming from the poles of the graviton
propagator, which provide information about the stability and causality of the modes.
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We begin considering the pole ⊞(p), which implies
p2 + ξ(b · p)2 = 0. (31)
For the timelike configuration, bµ = (b0, 0) , the corresponding dispersion relation is
p0 = ± |p|√
1 + ξb20
, (32)
which is a positive energy mode and yields the group velocity
ug =
1√
1 + ξb20
, (33)
which is smaller than 1 for ξ > 0, implying causality assurance for ξ > 0.
For the spacelike configuration, bµ = (0,b) , the dispersion relation is
p0 = ± |p|
√
1− ξ |b|2 cos2 θ, (34)
where (b · p) = |b| |p| cos θ. This is a positive energy mode, related with the group velocity
ug =
√
1− ξ |b|2 cos2 θ, (35)
which becomes smaller than 1 for ξ > 0 and ξ |b|2 < 1. So, this mode is causal for ξ > 0 for
both configurations.
For the pole ⊡(p), the associated dispersion relation is given by the roots of
(b · p)2 − b2p2 = 0. (36)
In a general background, bµ = (b0,b), the dispersion relation is
p0 =
|p|
|b|
[
b0 cos θ ±
√(|b|2 − b20) sin2 θ
]
, (37)
It becomes clear that the condition |b|2 > b20 ensures the existence of real roots. Hence, the
background bµ must be spacelike. In order to facilitate the analysis, we adopt the simplest
spacelike background, bµ = (0,b), which is equivalent to any other spacelike choice due to
the observer Lorentz symmetry. For this background, the dispersion relation appears as
p0 = ± |p| sin θ, (38)
providing a causal mode, ug = sin θ ≤ 1, whose energy presents a strong dependence on the
direction of propagation. Besides this physically unusual behavior, the relation (38) yields
a nonunitary mode, as it will be shown in the next section.
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IV. TREE-LEVEL UNITARITY
The tree-level unitarity analysis of this model is performed through the saturation of
the Feynman propagator with external currents. This method is usually applied in quan-
tum field theory [92], being implemented by means of the saturated propagator (SP ),
SP = J∗µRes(∆µν) J
ν , a scalar quantity given by the contraction of the external currents
(Jµ) with Res(∆µν) - the residue of the propagator evaluated at each pole. The conserved
current, ∂µJ
µ = 0, implies pµJ
µ = 0. This method was already used to analyze unitarity in
the gauge sector of the SME [93].
For the rank-two graviton field, this method can also be equally applied. In this case the
saturated residue of propagator is written as
SP = Jµν (ResDµν,κλ)J
κλ, (39)
where (ResDµν,κλ) is the residue evaluated at each pole of the propagator, and J
µν is a
symmetric tensor describing an external conserved current (∂µJ
µν = 0), which in momentum
space reads as pµJ
µν = 0. In accordance with this method, the unitarity analysis is assured
whenever the imaginary part of the saturation SP (at the poles of the propagator) is positive.
Because of the conservation law, pµJ
µν = 0, all the projector terms involving ωµν and
Σµν yield null saturation. Hence, non-null contribution for saturation stems only from the
following terms:
JµνP(2)µν,κλJ
κλ = JκλJ
κλ − 1
3
(Jκκ)
2 ,
JµνP(0−θ)µν,κλJ
κλ =
1
3
(Jκκ)
2 ,
JµνΠ˜
(2)
µν,κλJ
κλ = 2bνJ
ν
κbλJ
λκ , (40)
JµνΠ˜(θΛ)µν,κλJ
κλ =
2√
3
JκκbµbνJ
µν ,
JµνΠ˜
(ΛΛ)
µν,κλJ
κλ = JµνbµbνbκbλJ
κλ.
Using the Feynman propagator (30) and the current conservation, the propagator saturated
by conserved currents reads
SP =
JκλJ
κλ − 1
2
(Jκκ)
2
⊞
+
2p2bνJ
ν
κbλJ
λκ
⊞⊡
− p
2JκκbµbνJ
µν
⊞⊡
+
p4JµνbµbνbκbλJ
κλ
2⊞⊡2
. (41)
Next, we compute the residues in the poles of the propagator, whose corresponding dispersion
relations were studied in Sec. III.
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A. The first pole ⊞ = p2 + ξ(b · p)2
This pole implies the dispersion relation (31). The corresponding residue obtained from
(41) yields the following expression:
Res (S)
∣∣∣
⊞=0
=JκλJ
κλ − 1
2
(Jκκ)
2 − 2ξ (bνJ
ν
κ)
2
(1 + ξb2)
+
ξ (Jκκ) (bµbνJ
µν)
(1 + ξb2)
+
ξ2 (bµbνJ
µν)2
2 (1 + ξb2)2
, (42)
where b2 = bµbµ.
In the following calculations we will use the relations
J00 =
papc
p20
Jca, J0a =
pc
p0
Jca, (43)
obtained from the current conservation condition.
We should now specialize our analysis for two cases: a timelike background, bµ = (b0, 0),
and a spacelike background, bµ = (0,b).
For the timelike background, bµ = (b0, 0), the dispersion relation is written as Eq. (32),
and the residue (42) becomes
Res (S)
∣∣∣
b=(b0,0)
=
1
2
[
papcJca
p2
+ (Jdd)
]2
+ (Jab)
2 − (Jdd)2 − 2(pcJca)
2
p2
. (44)
It is exactly equal to the one stemming from the usual graviton mode p2 = 0 of the Einstein-
Hilbert’s gravity which preserves unitarity. Therefore, the residue (44) is positive definite
and the pole p2 + ξ(b · p)2 = 0, is unitary for all values of b0.
For the spacelike background, bµ = (0,b), the dispersion relation is given by Eq. (34), or
(p0)
2 = p2 − ξ (b · p)2 . (45)
The residue (42) for this background configuration is evaluated by using the following set of
orthogonal vectors
u1 = u3 × ub, u2 = u3 × u1, u3 = p/ |p| , (46)
where ub = b/ |b| has the direction of the LV background. So the residue (42) results are
Res (S)
∣∣∣
b=(0,b)
=
1
1− ξb2
[
2 (S1)
2
1− ξ (b3)2
+
(S2)
2
2 (1− ξb2)
]
, (47)
with the terms
S1 =
[
1− ξ (b3)2
]
Ju12 + ξb2b3J
u
13,
12
S2 =
(ξb2b3)
2 Ju33
1− ξ (b3)2
+ Ju22
[
1− ξ (b3)2
]− Ju11 (1− ξb2)+ 2ξb2b3Ju23. (48)
Here, we have used the definitions b =b3u3 + b2u2, and J
u
ij = ui · (Juj), with J = [Jij] and
Juij being the spatial components of the tensor Jµν in the basis {u1,u2,u3}. The residue
(47) is positive whenever
ξb2 < 1. (49)
As the magnitude of the LV background should be small, the unitary of this mode, for
bµ = (0,b), is assured. Hence, the pole ⊞ provides causal and unitary propagating modes.
B. The second pole ⊡ = (b · p)2 − b2p2
It is a double pole implying the dispersion relation (37), which is physically sensible for
b0 = 0, that is, a spacelike background, b
µ = (0,b). Its residue, computed from the saturated
propagator (41) is
Res (S)
∣∣∣
⊡=0
= R1 +R2, (50)
with
R1 = −2bνJ
ν
κbλJ
λκ − JκκbµbνJµν
b2 (1 + ξb2)
, (51)
R2 =
(Jµνbµbν)
2
2b4 (1 + ξb2)
(1 + 2ξb2)
(1 + ξb2)
. (52)
Using the identities (43), the quantities Jµνbµbν , bνJ
ν
κbλJ
λκ and Jκκ become
Jµνbµbν =
(b0)
2 (p·Jp)
p20
− 2b0 (b·Jp)
p0
+ b·Jb, (53)
bνJ
ν
κbλJ
λκ =
(b0)
2 (p·Jp)2
(p0)
4 − 2
b0 (p·Jp) (b·Jp)
(p0)
3 +
(b·Jp)2
(p0)
2 (54)
− (b0)
2 (p·J2p)
(p0)
2 + 2
b0 (b·J2p)
p0
− b·J2b,
Jκκ = J00 − Jaa = (p·Jp)
p20
− Jaa, (55)
where (a·Jb) = J lmalbm, (a·J2p) = J lnJnmalpm. We now analyze this pole in two cases.
For b0 = 0, the dispersion relation is
p0 = ±|p× b||b| ,
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and the expressions (51)–(52) can be written as
b2
(
1− ξb2)R1 = 2 (p·Jb)2
(p0)
2 − 2
(
b·J2b)− (b·Jb) (p·Jp)
(p0)
2 + (b·Jb) Jaa, (56)
b2
(
1− ξb2)R2 = (b·Jb)2
2b2
(1− 2ξb2)
(1− ξb2) . (57)
To simplify the above expressions, we use the orthonormal basis
u1 =
p× b
|p× b| =
p× u3
p0
, u2 = u3 × u1, u3 = b|b| , (58)
so we have the following expressions: p = p2u2 + p3u3, b = |b|u3, p× b = |b| p2u1,
Juij = ui · (Juj), with J = [Jij] being Jij the spatial components of the tensor Jµν. After
some algebra we obtain the residue
Res (S)
∣∣∣
⊡=0
=
Ju11J
u
33 − 2 (Ju13)2
1− ξb2 +
2p2p3J
u
23J
u
33 + (p3)
2 (Ju33)
2
(p2)
2 (1− ξb2) −
(Ju33)
2
2 (1− ξb2)2 , (59)
which is not definite positive, meaning, in general, a nonunitary excitation.
It means that this double pole provides excitations that spoil the unitarity of the model
(ghost excitations) and, consequently, its physical consistency. The spoiling role can be,
in principle, ascribed to the tensor operators Π˜
(2)
µν,κλ, Π˜
(θΛ)
µν,κλ, Π˜
(ΛΛ)
µν,κλ, which contribute to
the scalar saturation (41). More specifically, the projector Π˜
(ΛΛ)
µν,κλ is the responsible for the
unitarity breaking, since it is the unique one associated with a second-order pole, a feature
generally related to ghost excitations in quantum field theory.
Therefore, this gravity model despite have a simples pole (31) which preserves the tree-
level unitarity, is nonunitary due to the presence of a second-order pole.
V. DEGREES OF FREEDOM
Now, we show that the gravitational field modified by the vacuum expectation value of
the bumblebee field is still represented for a massless spin two symmetric tensor field with
only two physical degrees of freedom. The equation of motion obtained from the effective
Lagrangian (12) is
Oˆµν,αβhαβ = 0, (60)
with the operator Oˆ defined by Eq. (16). By saturating Eq. (60) with pµpν , we obtain the
following constraint:
pµpνh
µν = p2h, (61)
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where we have assumed ξ 6= 0 and (b · p) 6= 0. As we can easily observe, due to the presence
of the background field bµ, we can still saturate Eq. (60) with the combinations b
(µpν) and
bµbν . In addition we also perform the saturation of the equation of motion (60) with the
metric ηµν . Such procedures imply the following equations,
0 = (b · p)2h− 2(b · p)b(µpν)hµν + p2bµbνhµν , (62)
0 =
[
p2
(
1− 3ξb2)+ 2ξ(b · p)2] bµbνhµν + (b · p)2 (1− ξb2) h− 2(b· ) (1− ξb2) b(µpν)hµν ,
0 = −2 (b · p) (16ξ − κ2) b(µpν)hµν + p2 (16ξ − 5κ2) bµbνhµν + (b · p)2 (16ξ − 3κ2)h,
where we have used the condition (61). Thus, it is straightforward to see that these three
equations imply the following constraint relations which hµν and bµ must satisfy:
bµbνh
µν = 0, (63)
b(µpν)h
µν = 0, (64)
h = 0. (65)
Immediately, from (61) it follows that
pµpνh
µν = 0. (66)
We can achieve even more restrictions when we perform the contraction of Eq. (60) with
pµ or bµ separately. By following a similar procedure as above, we obtain the following
constraints:
pµh
µ
ν = 0, (67)
bµh
µ
ν = 0, (68)
representing a total of 8 additional conditions to be satisfied by the fields. Thus, the set of
Eqs. (63)-(68) provides a total of 12 constraints which can be used to reduce the 14 initial
degrees of freedom contained in the graviton and bumblebee fields. Consequently, we are
left with only two physical degrees of freedom such as it happens for the Einstein-Hilbert’s
graviton.
Finally, by applying Eqs. (63)–(68) to Eq. (60), it becomes simply
[
p2 + ξ(b · p)2]hµν = 0, (69)
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providing the correct energy-momentum dispersion relation (31) associated to the phys-
ical pole as previously determined. Therefore, we can conclude that the mechanism of
spontaneous Lorentz-symmetry breaking triggered by the bumblebee field has modified the
Einstein-Hilbert dispersion relation as: p2 = 0 → p2 + ξ(b · p)2 = 0. We remark that the
nonminimal coupling BµBνRµν has not produced massive modes for the graviton, at least
at the linearized level.
It is worthy to note that some constraints here derived are similar to some gauge fixing
conditions arising in the Hilbert-Einstein theory for the graviton field. Namely, the condition
(61) is an analogue of the usual harmonic gauge,
(
∂µ∂νh
µν − 1
2
h = 0
)
, while the constraint
given by Eq. (68) can be interpreted as a kind of axial gauge, as pointed out in Ref. [77].
This situation is similar to the one which happens in the Proca’s model where the Lorenz
condition (∂µA
µ = 0) appears naturally from the equation of motion, but does not represent
a true gauge fixing condition because Proca’s model does not possess a local U(1) gauge
invariance. Here, the bumblebee field breaks spontaneously the diffeomorphism invariance,
i.e., hµν → hµν + ∂µζν + ∂νζµ, of the Hilbert-Einstein gravity. Yet, the graviton remains
massless with a modified dispersion relation.
We should still remark that in limit λ→ 0 the potential V vanishes, recovering a gravity
theory endowed with Lorentz and diffeomorphism symmetry, which requires a gauge fixing
condition for the propagator evaluation. This shows that limit λ → 0 cannot be taken
on the Feynman propagator just carried out. This is similar to the impossibility of taking
m → 0 in the propagator of a massive graviton to obtain the propagator of the massless
graviton. A route to take such a limit is the Stuckelberg trick, used to address the van
Dam-Veltman-Zakharov discontinuity in the massless limit of linear massive gravity [94].
VI. REMARKS AND CONCLUSIONS
In this work, we have investigated the Einstein-Hilbert action in the presence of the
Lorentz-violating bumblebee field. We initially have considered the linearized version of
this theory, including the bumblebee solution into the interaction term, σ
√−gBµBνRµν .
The bilinear bumblebee action in the linearized graviton field hµν is added to the bilinear
linearized Einstein-Hilbert action, implying the action of our interest. The corresponding
Feynman propagator is exactly carried out using an extended basis of spin projectors based
16
on the Barnes-Rivers usual ones. The graviton dispersions relations are extracted from the
poles of the propagator and used to study the physical consistency of the model. It is verified
that the graviton possess two dispersion relations depending explicitly on the bumblebee field
vacuum expectation value. The first one, p2 + ξ(b · p)2 = 0, provides massless modes which
are causal (for a positive coupling constant ξ > 0) and unitary (for any values of b0 and
small values of the background |b|). The second dispersion relation, (b · p)2− b2p2 = 0, gives
causal but nonunitary modes which spoil the physical consistency of the model. Similar
nonunitarity issues in Lorentz-violating gravity models were recently shown in [83, 98].
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Appendix A: Barnes-Rivers operators and Lorentz-symmetry breaking
In the calculation of the inverse kinetic operator, necessary to determine the graviton
propagator, we employ an algorithm based on the Barnes-Rivers rank-two spin projectors
[86–91], given by
P
(1)
µν,κλ =
1
2
(θµκωνλ + θµλωνκ + θνκωµλ + θνλωµκ) ,
P
(2)
µν,κλ =
1
2
(θµκθνλ + θµλθνκ)− 1
3
θµνθκλ,
P
(0−θ)
µν,κλ =
1
3
θµνθκλ, P
(0−ω)
µν,κλ = ωµνωκλ, (A1)
P
(0−θω)
µν,κλ =
1√
3
(θµνωκλ + θκλωµν) ,
where θµν = ηµν−ωµν , ωµν = pµpν/p2 are the transverse and longitudinal projectors, respec-
tively. The usual spin operators for the subspace of symmetric rank-two tensors satisfy the
following tensorial completeness relation:
[
P(1) + P(2) + P(0−θ) + P(0−ω)
]
µν,κλ
=
ηµκηνλ + ηµληνκ
2
. (A2)
The Barnes-Rivers basis was extended to gravity theories involving Lorentz-symmetry
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violation in Ref. [84]. In such an extension, the spin operators induced by the Lorentz-
violating background bµ yields the whole set of structures listed below:
Σ˜µν = bµpν + bνpµ, Λµν = bµbν , (A3)
Π˜
(1)
µν,κλ =
θµκΣ˜νλ + θµλΣ˜νκ + θνκΣ˜µλ + θνλΣ˜µκ
2
, (A4)
Π˜
(2)
µν,κλ =
θµκΛνλ + θµλΛνκ + θνκΛµλ + θνλΛµκ
2
, (A5)
Π˜
(θΣ)
µν,κλ =
θµνΣ˜κλ + θκλΣ˜µν√
3
, (A6)
Π˜
(θΛ)
µν,κλ =
θµνΛκλ + θκλΛµν√
3
, (A7)
Π˜
(ΛΛ)
µν,κλ = ΛµνΛκλ, (A8)
Π˜
(ωΛ−a)
µν,κλ = ωµκΛνλ + ωµλΛνκ + ωνκΛµλ + ωνλΛµκ, (A9)
Π˜
(ωΛ−b)
µν,κλ = ωµνΛκλ + ωκλΛµν , (A10)
Π˜
(ωΣ)
µν,κλ = ωµνΣ˜κλ + ωκλΣ˜µν , (A11)
Π˜
(ΛΣ)
µν,κλ = ΛµνΣ˜κλ + ΛκλΣ˜µν . (A12)
We should mention that these projectors are not exactly the same ones of Ref. [84].
Indeed, note that projector Σ˜µν is symmetrized while projector Σµν of Ref. [84] is not. The
same holds for Π˜
(1)
µν,κλ, Π˜
(2)
µν,κλ, Π˜
(ωΣ)
µν,κλ, Π˜
(ΛΣ)
µν,κλ. Note that the upper indices (1) and (2) in the
operators Π˜
(1)
µν,κλ, Π˜
(2)
µν,κλ do not refer to its spin content. Some other interesting ways to
defined projectors in gravity theories are found in Refs. [83, 88, 95–97].
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